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ON THE MULTIPLE SCATTERING
OF GAMMA RADIATION

by

P. J. Brockwell and H. Greenspan

ABSTRACT

A method has been devised to calculate the joint and mar-
ginal distribution of the emergent wavelength A and angle of
emergence 8, given a quantum of gamma radiation incident on
the left face of the slab {x: 0 < x < a} with wavelength Ay and
angle of incidence 68j. The method has been applied in this in-
stance to scattering cross sections 0,(8) as given by the Klein-
Nishina formula, but can be used with any other specified
scattering law. Results obtained compare well with Monte Carlo
calculations for marginal distributions, but the developed pro-
cedure yields more information regarding joint distributions for
the same effort.

I. INTRODUCTION

Consider a quantum of gamma radiation with wavelength A moving through
a homogeneous slab of scattering material. Independently of the previous
history of the particle, the probability that it makes a collision in the
small length of path ds is given by I, ds + o(ds), and the probability,
conditional upon a collision, that it is deflected through angle 6 into the
element of solid angle d?2, is given by Z;l ox(e) d2 + o(dR). Here, 0,(8)
is given by the Klein-Nishina formula, .

S T A Yy g
0)\(8)=m)‘—‘2(7+7—51n a1, Gl )

where A', the wavelength after deflection through the angle 6, is related
to A and 6 by the Compton relation,

A' =2+ 1- cos 6. Gl

The scattering cross section (or inverse mean free path) is expressed in
terms of 0y (6) by

1
Zy = 2m /1 0,(8)d(cos 6). £1.3)

The probability of more than one collision in distance ds is assumed to be
o(ds). Notice that as A tends to =, Eq. 1.1 becomes



o,.(8) = 16%1 (1 + cos2 8), (1.4)

which is just the Rayleigh scattering law for low-energy quanta, In writ?ng
Eqs. 1.1-1.4, we are assuming that wavelengths are measured in Compton units
(1 Cau. = 2.426 x 10-10 cm) and that all other distances are measured in
units of the limiting mean free path as A tends to «, namely 2;1. (£ Nsas
the number of scattering electrons per unit volume of the medium and o, is
the known cross section per electron for scattering of low-energy quanta,
viz., one Thomson unit or 0.665 barn, then, I = No,.) In terms of these
units, Eqs. 1.2-1.4 describe the scattering of gamma-ray quanta by free (or
loosely bound) electrons in the absence of photoelectric absorption or pair
production. It would not be difficult to modify our calculations to take
these effects into account. However, we shall neglect them in the present
report and consider only the effects of multiple scattering.

The problem with which we shall be specifically concerned is the fol-
lowing: Given a quantum of radiation incident on the left face of the slab
{x: 0 < x < al with wavelength Ay and angle of incidence 6;, what is the
jSint distribution of the emergent wavelength ) and angle of emergence 67
(The angles of incidence and emergence are measured from the X—-axis, which
is normal to the slab faces.)

Even if attention were restricted to the low-energy approximation
(Eq. 1.4), rather than the Klein-Nishina formula (Eq. 1.2), a completely
analytical treatment of multiple scattering would be extremely difficult
indeed. Chandrasekhar“ devised an approximate method for determining the
distribution of emergent wavelength when the differential cross section is
isotropic, viz., cx(e) = 1/(47), and this method was later used by 0'Rourke’
for similar problems. The case 05, (6) = [3/(16m)][1 + cos? 6] was studied by
Brockwell,ls using a discretization of the set of possible directions of
motion. In this approximation, the photons are restricted to move in one
of a set of 30 directions determined by the lines joining the center of a
regular icosahedron to the midpoints of its edges. Studies of the more
realistic case in which 0,(8) is given by the Klein-Nishina formula (BEq. 1520
are usually made by means of Monte Carlo techniques (see Fano, Spencer, and
Berger®).

The purpose of this report is to extend the method of Brockwell to deal
with Klein-Nishina scattering. We shall see in Sect. VI that our method
agrees well with the results of Monte Carlo calculations. For a given
amount of computation, however, we obtain a great deal more information re-
garding the joint distribution of emergent energy and direction of scattered
photons than is obtained from the Monte Carlo calculations. The method we
shall describe extends in an obvious way to problems with other energy-
dependent scattering laws.

II. THE BACKWARD KOLMOGOROV EQUATION AND ITS DISCRETE APPROXIMATION

In slab geometry, it is convenient to characterize the state of a photon
by its x-coordinate (measured normally into the slab from its left face)

its
wavelength A (measured in Compton units), and the angle made by its dire’

ction



of motion with the positive x-axis. The time evolution of the state of
any photon is then a Markov process.

Let H(M,Alx,u,x) be the probability that a particle with initial state
(x,u,\) (where 0 < x < a, -1 <y <1, and 0 < ) < w) emerges from the slab
with direction p'eM and wavelength A\'eA, Then Il satisfies the backward
Kolmogorov equation (cf. Brockwell? and Moyal®),

1 2T
(lJ d—i = Z)\) H(x,u,A) = - / f 0y (8)NI(x,v,A + 1 - cos 6) dvdp

(2:1)
with boundary conditions
M(a,u,2) = xy(xy A, TEgiey0s (2.2)
1O,u,0) = xy(Wx, (W),  1if w <0, (2.3)
where

1, if x e A,

Raln) =
" g, 1f = A,
cos B8 = puv + Y(1 - uz)(l - vz) cos p,

and 0,(6) and I, are defined by Eqs. 1.1-1.3.

To solve Eqs. 2.1-2.3, we shall suppose (as in Brockwelll) that the
photon is restricted to move in one of a set of 30 directions in space cor-
responding to the lines joining the midpoints‘of the edges of a regular
icosahedron to its center. For a detailed account of the choice of these
directions, see Ref., 2. We summarize here by observing that the directions
fall into 10 classes which we denote 1, ..., 10, such that the cosine of
the angle between the positive x-axis and any direction in class i is uj,
where

up =1 SEaiin,
up = %(/E + 1)¢= —lg;
uz = 2 = -ug, ¢ (2.4)
py = 205 - 1) = -y,
us = 0 = lg.

7

Moreover, if {e , ..., e3g} denote unit vectors in the 30 possible direc-
tions of motion then for every k, the set of scalar products {e; - eks

€9 ° eyy sssy €30 ° ek} contains the values up, U3, Wy, W5, H7, Mg, and ug
each repeated four times and the values pj; and ug once only. Thus there



are precisely nine possible angular deflections, which are the same for any
given initial direction. We denote these angles by 61, ..., 69, where

cos 6; = ] = -cos 6g, 1

cos 8y = yp = —cos bg,

cos 63 = u3 = -cos 67, L (2.5)
cos 6y = py = —cos 6g,

cos 65 = 0. )

1f, conditional on the particle being scattered, we denote by P1, 4P2,
4ps, 4py, 4Ps, 4Pg, 4P7, 4Pg, and Ppg the probabilities of defl?cFl?n of the
particle through 67,07, ..., 69, respectively, then the pr?babllltles Pij
of a transition from direction i (i.e., a direction belonging to
class i) to direction j (i.e., a direction belonging to class i Ncangbe
represented by the following 10 x 10 matrix in which Pij is the jth element
of the ith row:

Q) (2222)  (3333)  (4h4k)  (55)  (55)  (6666)  (7777)  (8888)  (9)
()  (1236) (2345)  (2356)  (46) (37)  (4578)  (5678)  (6789)  (8)
(3)  (235) (1267)  (2457) (28) (46)  (3568)  (3489)  (5678) (7)
() (2356) (2457) (1368) (37) (28)  (2479)  (3568)  (4578)  (6)
(5)  (4466)  (2288)  (3377) (19) (55)  (3377)  (2288)  (4466)  (5)
P=lsy  (3377)  (ake6)  (2288) (55) (19) (2288) (uhe6) 3317y (5) | (2:6)
(6) (4578) (3568) (2479) (37) (28)  (1368)  (2457)  (2356)  (4)
(1) (5678) (3489)  (3568) (28) (46)  (2457)  (1267)  (2345)  (3)
(8) (6789) (5678) (4578) (46) (37) (2356) (2345) (1234) (2)
(9) (8888) (7777)  (6666) (55)  (55)  (444s4)  (3333)  (2222) (1)

The symbol (ijk%) is used in Eq. 2.6 as an abbreviation for the sum

Pi * pj + Pk + py. Clearly, the probabilities pj, ..., P9, and hence the
matrix P, will depend on the wavelength A of the colliding photon. When we
wish to emphasize this dependence, we shall write pj(A), P(A), etc.

Let us now consider the problem of replacing the process defined by
Eqs. 1.1 and 1.2 by an approximating discrete process in which the set of
possible directions of motion is restricted as just described, and moreover
the wavelength of each photon is restricted to take one of a finite set of
values. For a photon whose initial wavelength is Ay, we shall restrict
attention to the range of wavelengths [Ag, An-1], dividing it into N groups,
a typical one being denoted Group o, where a = 0, 1, ..., N - 1. Thus,



Group 0 = {Ag}

Group 1 = (X,X;]

Group 2 = (A)1,A7] (2:7)
Group N-1 = (AN—Z ) )‘N—l] .

By truncating the range of possible wavelengths to [Xgs Ay-1], we shall ob-
tain in place of the wavelength distribution on [XA(,®) its restriction to
the finite interval [}y, AN-);]. This will suffice for most purposes, pro-
vided Ay-; is chosen sufficiently large.

For the discrete process, it is natural to define the collision rate
I(a) per unit path length for a photon with wavelength o (i.e., in Group a)
to be the collision rate for the original process evaluated at the midpoint
of Group a; i.e.,

1
L(a) = 2)\* = Zn/ o)\*(e) d(cos 0), (2.8)
-1 a

where
X% = %(Aa + A1) if @ 2 1, and Af = Ap.

The definition of the discrete process will then be complete once we have
specified P(8,j|a,i), the probability that a scattered particle has wave-
length B and direction j immediately after a collision, given that it had
wavelength o and direction i immediately before the collision.

As described above, we denote by p;(A), %py(2), ..., 4pg(A), and
pg(A) the probabilities, given that a particle is scattered, that it is de-
flected through angles 6;, 6, ..., 6g, and 69, respectively. Each proba-
bility pj(A), i =1, ..., 9, corresponds to the same solid angle 47m/30, and

so we choose the probabilities pj(A) for the discrete process to satisfy

pi(A) = Ay0,(841), (249)

where 0)(6) is defined by Eq. 1.2, 6 is defined by Eq. 2.5 and A) is
chosen so that

8
py(A) + 4 Z pi(M) + po(d) = 1. (2.10)

i=2

The required probabilities P(B,j|a,i) needed to define the discrete
process are now given by

9
P(8,j|a,1) = Z P(8] 61,0003 ,0|a,1) (2.11)
k=1

1L
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where P(8|6y,a) is the probability of a transition from wavelength group o
to wavelength group B, conditional upon an angular deflection 6y, and
Q(j,ekla,i) is the probability, given that a particle with Group o and
direction i experiences a collision, that it is deflected through an angle 6y
into direction j. The probabilities P(Blek,a) are given by

~

inf(Ay + €g,2g) - sup(Ag_1 + €k, 28-1)

B =iy

sup

(A + Ek), ¢ =0, ek # 0, (2.12)

P(B|6k,2) =9 X
| k ﬁ [AS—I’AB)

[} = gm0, S SER = 0,

where §,,, is Kronecker's delta, xp(+) is the indicator function of the

set A and €; = 1 - cos 0:. Equation 2.12 is derived under the assumption
that the wavelength prior to the collision is uniformly distributed over the
interval corresponding to Group a. Furthermore,

Q0K ]a,i) = pr(A¥)M (7:18)

1jk?

where Mjjk is the coefficient of py in Pjj (see Eq. 2.6). As before, Az
denotes the midwavelength of Group o.

Equations 2.8 and 2.11-2.13 now determine completely a discrete analog
of the original process. The analogs of Eqs. 2.1-2.3 are

N-1 10

[Ui %- Z(a)] M(x,u;,0) = -2(a) Z Z M(x,15,8)P(8,j|a,1),
B=ni =1
OE< i< aa fg=alie sy 105 an=05 1 R e N (2.14)
M(a,pi,0) = xy(ui)xg (), a0 (2.15)
and
M(0,ui,0) = xy(ui)xgp(a), ;< 05 (2.16)

where M is a subset of the set of direction cosines [-1,1], L is a subset of
the set of groups {0, 1, ..., N - 1}, and I(x,u;,0) is the probability of

emergence from the slab [0,a] with wavelength group in L and emergent direc-
tion cosine in M conditional on initial position x, direction cosine u;, and
wavelength group o. *

In the following section, we shall describe the method used to solve
Eqs. 2.14-2.16.



III. THE SOLUTION OF THE BACKWARD KOLMOGOROV EQUATION
FOR THE DISCRETE PROCESS

The probabilities H(M,L|x,ui,a) defined by Eqs. 2.14-2.16 can be ex-
pressed, for any sets M and L of emergent directions and wavelengths, in
terms of the probabilities N({p;},{B}|x,uj,0) of emergence in each partic-
ular direction My and wavelength group B, where j =1, ..., 4, 7, ..., 10
and B =0, 1, «.5, N= 1.

It is convenient at this point to introduce vector notation, defining
a set of vectors, each with 10N components, by

M({uy},18}|x,u1,0)

I M({ug}, (8} |x, ,N-1)
M({us1, (8} |x) = )
iy T({ug}, (8} |x,u2,0)

™
o
-

=
. w

.

MCluy}, (B} |%,10,8-1)

We also define a 10N x 8N matrix TI'(x) whose columns are given by Eq. 3.1.

Thus,

r(x) = [M({p1},{0}|x) .. I({uy 3, {N-1}[ ) N ({uz}, {0} %) .. . ({10}, {N-1}|x) 1.
(3.2

The matrix I'(x) then contains all the relevant transition probabilities of

the process, and its determination will constitute a complete solution of
the scattering problem in the discrete approximation.

From Eq. 2.14, we find that the equation for I'(x) is

d =
(M -D EE) r(x) =0, (323}

where M is a 10N * 1ON matrix whose elements are directly expressible (from
Eq. 2.14)in terms of I(a) and P(S,jla,i), the latter being calculated as
described in Sect. II. The matrix D is diagonal with elements M), ..., U],
o S i, <-4 W10 In partieuldr, the (4N & 1)thy

(4N + 2)th, ..., 6Nth diagonal elements of D are zero.

In block form, we can rewrite Eq. 3.3 as
Ay By G

Ay B, Cy| I'(x) = 0, (3.4)
Az B3 C3

13
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where A, By, and C3 are square matrices of order 4N, 2N, and 4N, respec-
tively, and A; and C3 are the only submatrices in which the differential
operator d/dx appears. If we denote by G(x) the 8N x 8N matrix obtained
from I'(x) by deleting its (4N + 1)th, (4N + 2)th, ..., 6Nth rows, then it
follows from Eq. 3.4 that G(x) satisfies the equation

PRI C LTI T
. G(x) = 0. (3.5)
A; + B3B3 A, C3 + B3B3lC,
The matrix I'(x) is easily recovered from G(x) using the relation
[0 B, 0]T(x) + [A2 C2]G(x) =0 (3.6)

in which the two zeros in the first factor are 2N x 4N matrices. The scat-
tering problem will therefore be solved once we have found the 8N x 8N ma-
Erix G(x).

Equation 3.5 can be rewritten in the form

-c% G(x) = RG(x) (3.7

with boundary conditions (from Eqs. 2.15 and 2.16)

Gy Gy A 0
G(0) = > G(a) = > (3.8)
0 I iy . Hy

where Gy, Gy, Hy, and Hp are 4N x 4N matrices yet to be determined, and
0 and I are the 4N x 4N zero and unit matrices, respectively. The
solution of Eq. 3.7 is given by

G(x) = eRx g(0). (3.9)

If we partition the matrix eR@ into 4N x 4N matrices T3, T2, T3, and
Ty, so that

e
oRa _ ) ;
Mg T (3.10)

and set x = a in Eq. 3.9, we obtain

—
(=]
]

T |61 G2

= = ‘ (3.11)

Hp i

=]
=
w
=)
o
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From Eq. 3.11, we find immediately that
G =11, (3.12)
and

Gp = ~T71Ts. (3.13)

The matrices G; and G, completely determine G(0), which in turn determines
the solution G(x) via Eq. 3.9.

A FORTRAN program for the CDC-3600 computer has been written to per-
form the calculations described above. It is called STAM2 and is organized
as a series of subroutines. The maximum-sized scattering problem that can
be accommodated by the program on the two-bank CDC-3600 at present (without
extensive use of external storage) is a 12-group problem, i.e., a problem
with a 120 x 120 scattering matrix.

The first subroutine to be called is MANEV, which reads the scattering
matrix SCAT, i.e., the 10N x 10N matrix P(B,j|a,i) of Eq. 2.14, which is
generated beforehand as described in Sect. II and from it generates the
8N x 8N matrix R of Eq. 3.9.

Next, the matrix exp(aR) is calculated by subroutine EXMTR, which uses
the power-series expansion of the exponential truncated according to a spec-
ified error criterion €. If the elements of (aR)/n!, i.e., the (n + 1)th
term of the series, are denoted by Tijns then the series is terminated after
the smallest value of n for which

1/

2 <
o

i,3 ,

The matrices G, and G, are then calculated from Eqs. 3.12 and 3.13 in
subroutine PROBl. At this point, G(0) is completely determined and hence
also the probabilities of emergence from the slab with any given direction
and wavelength, conditional upon incidence on the left face of the slab in
any one of the directions 1, ..., 4 and with any particular wavelength
group. Subroutine ZDPROB determines the corresponding probabilities for the
incident directions 5 and 6 parallel to the slab face. Subroutine OUTPUT1
then forms the array I'(0), which contains the probabilities of each pos-
sible emergent direction and wavelength conditional upon each possible in-
cident direction and wavelength at the face x = 0. Provision is also made
for calculating the probability distribution of the emergent state, con-
ditional upon a given distribution of incident states. For example, if
particles with wavelength Ao are incident isotropically on the face x = 0
of the slab, then the probability of emergence with direction j and wave-
length group B is given by

10

H({uj},{B}IO, 1s0,0) = ;E: rin({Uj};{B}IO,Ui,O), (3.14)
-]
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where tiy 1 = 1ig ooy LOGRdefinessEhe incident angular distribution cor-
responding to isotropic incidence, viz.,

A= X5 =yl = 1/15, Lo i=REqe=TELN= [4/15. (3.15)
Other distributions of the incident state can be treated analogously. Mar-
ginal distributions of the emergent state are found by summing the elements
of I'(0) over the appropriate indices. For example, the emergent angular
distribution is found by summing over all emergent wavelengths; thus,

N-1
H({uj}IO,ui,a) = ZE: H({uj},{B}|0,ui,a). (3.16)
g=0

IV. THE LOW-ORDER-SCATTERING CORRECTION

The probabilities H({u‘},{8}|x,ui,a) of emergence with direction j and
wavelength group B conditional on initial position x, direction i, and wave-
length group o can be decomposed according to the number of collisions ex-
perienced by the particle before emergence. Thus,

T({ugh, (8 xug,0) = 5" Mlugh, (8 [xoug,0)-
n=0

Since we are using the discrete process only as an approximation to the
continuous state-space process described in Sect. I, and since it is pos-
sible for the continuous process to calculate directly the zero-scattering
and single-scattering components of the distribution of emergent direction
and wavelength, we use the discrete approximation only to calculate

=)

Y Matlugd (8 xu1,0).

g7

Subroutine COREC evaluates the probabilities HO({uj},{B}IO,ui,a) and
Hl({uj},{8}|0,ui,a)for the discrete process and subtracts them from
M({ps} ,{B}|0,uja) to obtain the probabilities of emergence with at least
two Scattering collisions, denoted by H2+({uj},{8}|0,ui,a). The marginal
distributions of T4 and the corresponding probabilities conditional on
some distribution of incident states are calculated precisely as described
at the end of Sect. III.

Finally the distribution Il4, derived on the basis of the discrete
approximation, is combined with the zero- and single-scattering components
as calculated directly for the continuous process. Separate computer
programs have been developed to perform these direct calculations, and they
will now be described.



We introduce the conditional probability density q;(v,A|u,\) defined by

q1(v,A|u,A) dvdd = Probability {a particle with incident direction
cosine u and wavelength )X emerges with direction
cosine in the interval (v, v + dv) and wavelength
in the interval (A + A, A + A + dA) after experi-
encing exactly one collision in the slab}.

Note that q; does not exist as a density in the particular case p = 1. We
shall restrict attention here to transmitted radiation, so that v > 0 and

u > 0. (Reflected radiation can be dealt with quite analogously.) The den-
sity q is then given, for u # 1, by

-1
2va (8,0 [uz, vi ]

[ = W - VD) - (8- 1+ gmayiT2 PR - e e,
q1(v,8]u,2) = (4.1)
if uE, # Vi,

t exp(-I,t/u), 1F UZA-M = vXA,

provided (1 - uz)(l - Vz) - (0 -1+ uv)2 > 0. If this condition is not
satisfied, then ql(v,Alu,X) = 0. In Eq. 4.1, t denotes the thickness of the
slab measured in units of the limiting mean free path at zero energy (or in-
finite wavelength), while

2
N ) A+d et o]l R
a(A,)) = Ton [X T 1 (A l)] [X T A] (4.2)

and
REIN oo 2 ()% A AREED | s A+2_22+3
Ty {}* + *)[ Taz el NTleE T TR aE MY

The computer program SINGLE2 evaluates the probability density in
Eq. 4.1 for specified A and p and from it computes the singly scattered
transmitted spectral density given by

B
F](AI\Jg)\) =f Q1(V,A|U,>\) dv, (4.4)
A
where
A = muxl0, (1 = 8) - [82~ (1 - )12
and
B = max(0, min(l, u(l - &) + [A2 - HA - w)1/D1.

The integral in Eq. 4.4 is singular; however, it can be reduced to a non-
singular integral by breaking the range of integration into two parts and
making changes of variable in each. For the particular incident direction
p = 1, the density Fl(A|1,A) must be calculated directly from the equation

17
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210 (A, ) (1 - 8)
SMOL, 008 =  —Slexp(—1, t) "~ expi(~ZIssty/AIIeE=si b

B in ~ Ephliid) A A+A
F1(8]1,0) = i1f I F 1= A) I, (4.5)

t exp(—ZAt) s ZX+A = (1 - 4) ZA'

The program also calculates the spectral density for a distribution of in-
cident directions. In particular, we have calculated

1
Fi(Alg,M) =f g(WFy(A]u,0) du (4.6)
0

for g(u) =1, 0 < u £ 1 (isotropic incidence) and for g(n) =2p, 0spus1l
(cosine incidence).

The marginal distribution of emergent direction for singly scat-
tered photons is calculated by program SINGLE3. The marginal probability
density is given by

b
hy(v]u,2) =_/ q1(v,4|u,1) da (4.7)
a
with
S Sy S Py - Ry R
and
b=1-qpv+ [ -2 - v2)]1Y2,

The density hy(v|u,2) is calculated for specified values of the incident
direction and wavelength, p and A, and also for various distributions of in-
cident direction. In particular, we have calculated

1
hy(v]g,n) = V/N g(Why(v|u,1) du (4.8)
0

for g(p) = 1 and g(p) = 2y, 0} 5 iR L

As in Eq. 4.4, the integral defining h; is singular. However, by
breaking the range of integration into two parts and making a change of
variable, we can transform it into a nonsingular integral suitable for
numerical integration.



For the particular case pu = 1, hl(vll,x) is calculated by using the
relation

hi(v|1,0) = F1(1 - v[1,)), (4.9)
where F1(1 - v|1,)) is given by Eq. 4.5.

Notice that we have not discussed the calculation of the transmitted
probability densities for unscattered particles. It is a trivial matter to
express these in terms of Dirac delta functions. Consequently, we restrict
attention to particles that are scattered at least once (diffuse" radiation
in the terminology of Chandrasekhar3).

There remains the problem of interpreting the n-collision probabilities
Hn({uj},{8}|x,ui,a), n 2 2, for the discrete process (see Eq. 4.1) in terms
of the corresponding probability densities qpn(u,A|x,ug,Ag) for the continuous
process in order to combine them with the single-scattered probability den-
sity q;(u,A|%x,u0,A0). To achieve this, we use the following estimates for
Gns D 223

ﬁn(uj,xglx,ui,xz) = 5 is-1 In({nj},{8}|%,u5,0), B =1, ..., N-1,
(4.10)
where
3.75, i = 2,3,4,7,8,9,
Ky = LT b= T (] (4.11)
Do =156

and AB and \* are defined in Eqs. 2.7 and 2.8.% Equation 4.10 is derived by
assuming that the emergent direction has a density that is piecewise con-
stant on the unit sphere for each wavelength, and that the emergent wave-
length has a piecewise constant density for each direction. The significance

of the constants Kj is explained in Ref. 2.

The marginal densities are estimated similarly. Thus the density with
respect to wavelength of the probability of transmission after exactly n col-
lisions is estimated by

il

L
. Y 4.12
e PIR OB RISTLRIRS (4.12)

5=

Fa(0%10,u1,08) =

and the corresponding density with respect to emergent direction-cosine by
N-1

Bn(ui|0,ug,2%) = K; :E: M({us},{8}[0,uz,0). (4.13)
B=1
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Equations 4.10, 4.12, and 4.13 can now be used in conjunction with
Eqs. 4.1, 4.4, and 4.7 to give the probability density of the emergent state
of transmitted photons which are scattered at least once, viz.,

J * Sk
q1+(Uj,>\g|0,Ui,)\:) = Q1(Hj,>\E|O,Ui,>\:) + an(uj’)\BIO,U19)‘a)9 (4.14)
n=2

* o * *
F1+(A;|o,ui,xg> = F1(A%[0,u5,00) + Zz Fa(0510,11500), (4.15)
=
3 *
hi+(uy|0,01,0%) = hy(uyl0,mg,0%) + Z b (g 10,u5,17), (4.16)
==

where q;, F1, and h; are based on direct calculation and
o0 00 w 2] -
DT
n=2 n=2 n=2

are based on the discrete approximation.

V. NUMERICAL RESULTS

A. Single-scattering Calculations

Figure 1 shows the probability density hy (il IsosA) a0 < it = "l Mo Fithe
emergent direction cosine of singly-scattered transmitted photons for a slab
of thickness 2/3 and for photons that are incident istropically on the slab
with initial wavelengths A = 0.25, 1.0, and 50.0.

Figure 2 shows the probability density Fj(A|Iso,\) of the increase in
wavelength of singly-scattered transmitted photons for the same slab thick-
ness, 2/3, isotropic incidence, and initial wavelengths A = 0.25, 1.0, and
5020,

To illustrate the magnitude of the correction involved in replacing the
discrete approximation to the singly-scattered component by its exact value,
we show in Figs. 3 and 4 the single-scattered marginal densities of direction
cosine and wavelength together with the corresponding discrete approxima-
tions. (The circled points are the discrete approximations.)
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Fig. 2

The Probability Density of the Wave-
length Increment of Singly-scattered,
Transmitted Photons; Slab Thickness

2/3, Initial Wavelength = A, Isotropic

Incidence. The area under each curve
is the probability of transmission
with exactly one scattering collision.
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Fig. 1

The Probability Density of the Emer-
gent Direction Cosine of Singly-
scattered, Transmitted Photons; Slab
Thickness 2/3, Initial Wavelength =
A, Isotropic Incidence. The area
under each curve is the probability
of transmission with exactly one
scattering collision.

o
n»
o

s [\
g \ =16
015 \
\\\‘
o.10F \\‘
\\
N
005} / : \‘\~\(x=500
uozs—//i\\\\\\\ "\\.\\
= 25
~\‘_\\\\
1 1 1
o 05 ) 5 20
A
Fig. "3

Accuracy of the Discrete Approxima-
tion to the Probability Density of
Emergence Direction Cosine for Singly-
scattered, Transmitted Photons; Slab
Thickness = 2/3, Initial Wavelength =
1, Isotropic Incidence. The circled
points are those obtained from the
discrete approximation; the broken
CGrve represents the exact values.
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Fig. 4
Accuracy of the Discrete Approxima-
tion to the Probability Density of
Wavelength Increment for Singly-
scattered, Transmitted Photons; Slab
Thickness = 2/3, Initial Wavelength =
1, Isotropic Incidence. The circled
points are those obtained from the
discrete approximation; the broken
curve represents the exact values.

B. Marginal Probability Densities for Diffusely Transmitted Photons

Figure 5 shows the emergent angular distribution of diffusely trans-
mitted photons obtained by adding to Fig. 1 the contributions from two and
more scattering collisions as calculated from the discrete approximation

(see Eq. 4.15).

Fig. 5

The Probability Density of the Emer-
gent Direction Cosine of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2/3, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.
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The effect on the transmitted angular distribution of varying the

slab thickness is shown in Figs. 6 and 7.

The parameters are all kept the

same as in Fig. 5, except for the slab thickness, which is 4/3 in Fig. 6

and 2 in Fig. 7.

A=500

B4 (10, 150,0)

Fig. 6

The Probability Density of the Emer-
gent Direction Cosine of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 4/3, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.
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Fig. 7

The Probability Density of the Emer-
gent Direction Cosine of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2.0, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.

The analogous results for the spectral density of diffusely transmitted
photons (see Eq. 4.16) are plotted in Fig. 8.

The effect of slab thickness on the transmitted spectral denmsity is shown

in Figs. 9 and 10.
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F,(A]10,Isq))

Fig. 9

The Probability Density of the Wave-
length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 4/3, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.

Fig. 8

The Probability Density of the Wave-
length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2/3, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.
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Fig. 10

The Probability Density of the Wave-
length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2.0, Initial Wavelength =
A, Isotropic Incidence. The area un-
der each curve is the probability of
transmission with one or more scat-
tering collisions.
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Fio(4]0,150,0)

It is interesting to notice at this point that the angular distribu-
tions of Figs. 5-7 for Ay = 50 are virtually indistinguishable from those
found by Brockwell? for the limiting case A = = (Rayleigh scattering). The
spectral densities for Ay = 50, however, are close to, but slightly different
in shape from, those obtained when Ay = @ by the moment-fitting procedure of
Ref. 1.

The accuracy of the results has been checked by means of independent
Monte Carlo calculations. These are described in Sect. VI.

Figures 5-10 apply to photons that are incident isotropically on the
left face x = 0 of the slab {x: 0 £ x £ t}. The corresponding results for
photons that are incident normally on the slab, i.e., for which pg = 1, are
displayed in Figs. 11-16.

Fig. 11
04} Ay
e e e 0 The Probability Density of the Emer-
z o3} A500_~ / gent Direction Cosine of Once-or-more
é /lij’/’ // Scattered, Transmitted Photons; Slab
2ozt o s v Thickness = 2/3, Initial Wavelength =

i A, Normal Incidence. The area under
oI ///’ 025 each curve is the probability of
transmission with one or more scat-
55 04 05 08 o7 08 oa 1w tering collisions.
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Fig. 13

The Probability Density of the Emer-
gent Direction Cosine of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2.0, Initial Wavelength =
A, Normal Incidence. The area under
each curve is the probability of
transmission with one or more scat-
tering collisions.

Fig. 12

The Probability Density of the Emer-
gent Direction Cosine of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 4/3, Initial Wavelength =
A, Normal Incidence. The area under
each curve is the probability of
transmission with one or more scat-
tering collisions.

F.(al0,1,0)

Fig. 14

The Probability Density of the Wave-

. length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2/3, Initial Wavelength =
A, Normal Incidence. The area under
each curve is the probability of
transmission with one or more scat-
tering collisions.
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Fig. 15
The Probability Density of the Wave-
length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 4/3, Initial Wavelength =
A, Normal Incidence. The area under
each curve is the probability of
transmission with one or more scat-
tering collisions.

Fig. 16
The Probability Density of the Wave-
length Increment of Once-or-more
Scattered, Transmitted Photons; Slab
Thickness = 2.0, Initial Wavelength =

A, Normal Incidence. The area under
each curve is the probability of
transmission with one or more scat-
tering collisions.

C. The Joint Probability Density of Emergent Direction and Wavelength

So far, we have displayed only the marginal probability densities

h;4 and F 4 of emergent direction and wavelength, respectively.

However, the

joint density of these random variables is also available through Eq. 4.14,
In Fig. 17 we show one such joint density, q2+(uj,AB|0,1,l), 1.e., the

QA0

Flg 17
The Joint Density of Emergent Direc-
tion Cosine and Wavelength Increment
for Twice-or-more Scattered, Trans-
mitted Photons; Slab Thickness = 4/3,
Initial Wavelength = 1.0, Normal
Incidence.
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probability density of emergent direction cosine and wavelength for photons
normally incident on the left face of the slab with wavelength 1 (Com?ton
unit), and scattered at least twice before transwiﬁsion. The s%ab thlck?ess
employed is t = 4 /3N Theoint probability densities at the points Ui das ke,

M5 tand A g, BisRl e 12, are shown in the figure as heavy vertical
lines. Notice that the densities q0(v,1|0,u,1p) and q1(v,A|0,v,1q) do not
exist in this case, except as generalized functions.

VI. MONTE CARLO CALCULATIONS

To check the accuracy of the calculations described in Sects. I-V, Monte
Carlo calculations were carried out in order to measure the marginal distri-
butions of emergent direction and wavelength of transmitted photons.

For each incident photon, the following sequence of operations is
performed:

1. From the initial wavelength )y, the mean free path ZX; is calculated
from Eq. 4.3.

2. A random variable with distribution function

F(x) = : (6.1)
0, x <0,

is generated. This represents the distance traveled by the photon before its
first collision. The projection on the normal to the slab face of this dis-
tance is calculated from the initial direction of motion of the photon (which
has direction cosine up, say).

3. 1If the particle leaves the slab without first making a collision,
then it is counted as an unscattered photon and a new incident photon is
sampled. If the particle makes a collision at some point inside the slab,
then the cosine of the angular deflection is sampled using the probability
density

hg Ao AgHl-c
f(e) = K +'——XE—- +1 - ¢c2f, -1 <Hch-u (6.2)

(o+l-c)2 | AgHl-c

(The constant K is just a normalization factor to ensure that

1
f_]f(C)dC =1.)

The angular deflection cos~l!c defines a cone of directions whose axis is the
direction of motion of the particle before scattering. The new direction of
motion is chosen from among the directions in the cone by selecting an azi-
muthal angle ¢, uniformly distributed on [-m,m]. The direction cosine of the
new direction of motion p; is then given by

H1 = uge = &/ (1 = “S)(l - ¢2) cos . (6l3)



The wavelength of the photon after scattering is obtained from the Compton
relation. Thus,

A} = Ag + 1 = ¢, (6.4)

4. From the direction u; and wavelength )\; after the first collision
and from the x-coordinate of the location of the first collision, it is now
possible to follow the history of the photon through the second and subsequent
collisions by repeating steps 2 and 3 with the appropriate directions and
wavelengths until the particle eventually emerges from the slab.

5. When the particle emerges from the slab, its wavelength and direction
cosine are recorded and a new incident particle sampled until a sufficiently
large collection of photons has been observed.

Figures 18-25 compare the marginal densities Fi4 and hj;4 obtained as
already described in Sects. I-V, and the results of corresponding Monte Carlo
simulations. The points obtained from the Monte Carlo method are circled in
each case. The agreement between the two methods is very good. Figures 18-21
are for isotropic incidence, and Figs. 22-25 for normal incidence.
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Fig. 18 Fig. 19
The Angular Density of Fig. 5 for The Angular Density of Fig. 5 for
A = 50, Compared with Monte Carlo A = 0.25, Compared with Monte Carlo
Results. Points obtained from Results. Points obtained from the
the Monte Carlo simulation are Monte Carlo simulation are circled.

circled.
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Fig. 20

The Spectral Density of Fig. 8
for A = 50, Compared with
Monte Carlo Results. Points
obtained from the Monte Carlo
simulation are circled.
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Fig. 22
The Angular Density of Fig. 11
for A = 50, Compared with
Monte Carlo Results. Points

obtained from the Monte Carlo
simulation are circled.
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Fig. 21

The Spectral Density of Fig. 8
for X = 0.25, Compared with
Monte Carlo Results. Points
obtained from the Monte Carlo
simulation are circled.
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The Angular Density of Fig. 11
for A = 0.25, Compared with
Monte Carlo Results. Points
obtained from the Monte Carlo
simulation are circled.




0201

QIS+

F,,(410,1,50)

ol0+

005 -

) 1 1 1 1
(o] 10 20 30 40 50

a

Fig. 24
The Spectral Density of Fig. 14 for
A = 50, Compared with Monte Carlo
Results. Points obtained from the
Monte Carlo simulation are circled.
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The Spectral Density of Fig. 14 for
A = 0.25, Compared with Monte Carlo
Results. Points obtained from the
Monte Carlo simulation are circled.
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